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We study the decoherence dynamics of Majorana qubit braiding operations in a topological su-
perconducting chain (TSC) system, in which the braiding is performed by controlling the electron-
chemical potentials of the TSCs and the couplings between them. By solving rigorously the Majo-
rana qubit dynamics, we show how the Majorana qubit coherence is generated through bogoliubon
correlations formed by exchanging Majorana zero modes (MZMs) between two TSCs in braiding
operations. Using the exact master equation, we demonstrate how MZMs and also the bogoliubon
correlations dissipate due to charge fluctuations of the controlling gates at both the zero and finite
temperatures. As a result, Majorana qubit coherence and the fermion parity conservation cannot
be immune from local perturbations during braiding operations.
PACS numbers: 72.10.Bg, 73.63.-b, 85.30.Mn
Topological quantum computation (TQC) has recently
attracted lots of attention as a promising candidate
for the realization of quantum computation. Topologi-
cal qubits consist of non-local degenerate ground states
of Bogoliubov quasiparticles (bogoliubons) in topolog-
ical superconductors, known as Majorana zero modes
(MZMs) [1-3], and qubit operations are performed by
braidings between MZMs [4-11]. It has been commonly
believed that topological qubits have two main advan-
tages [12]: (1) the qubit is protected by the fermion par-
ity conservation in superconducting systems as long as
perturbations are small compared to the energy gap be-
tween the MZMs and the non-zero energy bogoliubon
states; (2) the two MZMs of each zero-energy bogoli-
ubon are non-locally separated from each other so that
topological qubits are considered to be immune to local
perturbations during qubit manipulations.
However, the above picture of MZMs being robust
against decoherence is only an ideal thought. In reality,
performing braidings of MZMs inevitably leads to cou-
plings between the MZMs and the controlling gates. In
other words, topological qubits must be influenced from
various environment noises, and the above two advan-
tages of topological qubits should be reexamined in the
open quantum system perspective. It is easy to under-
stand that coupling MZMs to an ungapped fermionic
bath could break the fermion parity conservation be-
cause electrons can tunnel into the bath without energy
cost [13]. Even when the MZMs is coupled to a gapped
fermionic bath through a bosonic field, electrons can still
overcome the energy gap and tunnel to the bath due to
the bosonic field fluctuation [14, 15]. In our recent work,
we applied our exact master equation to a TSC system
subjected to charge fluctuations of a controlling gate and
studied the exact non-Marokovian decoherence dynam-
ics of MZMs [16]. We found that at zero temperature,
there is a localized bound state located at zero energy
due to the particle-hole symmetry that can partially pro-
tect the MZM from decoherence. At any low but finite
temperature, MZMs can be locally destroyed completely.
We shall study in this Letter the non-local feature of
the MZMs through the braiding operations, which is cru-
cial for the realization of topological quantum computers.
Qubit information cannot be encoded in the two degen-
erate states of one single zero-energy bogoliubon due to
the parity conservation. Therefore, at least four MZMs
(two bogoliubons) must be involved in encoding quantum
information. More specifically, two bogoliubons correlate
to each other to encode non-locally qubit information in
the same parity sector through the braiding operation of
MZMs. We find that local perturbations to a single MZM
can destroy the correlation between different bogoliubons
and thus destroy the quantum information encoded in the
topological qubit. Therefore, even though local pertur-
bations to a single MZM cannot affect the wavefunction
of another spatially separated MZM of the same bogoli-
ubon, this does not imply the protection of topological
qubit information from local perturbations. In fact, as
we shall show in this Letter, Majorana qubit coherence is
generated through the formation of bogoliubon correla-
tion between different TSCs, and local perturbations that
destroy bogoliubon correlations will naturally destroy the
Majorana qubit coherence in topological quantum com-
putations.
Because of the close relation between bogoliubon cor-
relations and qubit coherence, we study explicitly Majo-
rana qubit decoherence through the exploration of the de-
coherence dynamics of bogoliubon correlations in braid-
ing operations. More specifically, we study the Majo-
rana qubit decoherence dynamics under direct braiding of
MZMs in a quasi-1D network with the exact master equa-
tion in this Letter. Braidings of MZMs in quasi-1D net-
works can be realized by tuning the chemical potentials
of TSCs and the coupling potentials between them. The
chemical potentials of TSCs can be tuned by “keyboard”
gates that individually control the electron-chemical po-
tentials at different parts of the network [4]. The coupling
potentials between different TSCs can be tuned by gates
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2that control the tunneling barriers between MZMs [6-8].
We treat the T-junction-TSC system as an open quantum
system, in which the MZMs can be moved by braiding
through controlling gates. We then solve the Majorana
correlation functions and the reduced density matrix of
the Majorana qubit in the real-time domain in which all
the non-Markovian effects are fully taken into account,
and from which we explore explicitly how braiding oper-
ations of MZMs generates Majorana qubit coherence and
how non-adiabatic braiding operation and the associated
charge-fluctuation induced decoherence take place.
Majorana braiding and non-adiabatic decoherence dy-
namics. We begin with a T-junction consisting of three
TSCs (see Fig. 1), each TSC is modeled by effective p -
wave spinless superconductor Hamiltonians [12-22]
HαTSC =
∑
i
[−∆α,i
2
cα,i+1cα,i − wα,i
2
c†α,i+1cα,i + H.c.
+ µα,ic
†
α,icα,i
]
=−i
N/2−1∑
i=1
w
2
γα,2iγα,2i+1 + i
N/2∑
i=1
µα,i
2
γα,2i−1γα,2i,
(1)
where c†α,i (cα,i) is the creation (annihilation) operator of
electrons at site i of TSC α (α = L,R,M), ∆α,i and wα,i
are the pairing and hopping amplitudes respectively, and
µα,i is the electron-chemical potential. The Majorana
operators γα,2i−1 = cα,i+c
†
α,i and γα,2i = −i(cα,i−c†α,i).
For simplicity, we set ∆α,i = wα,i = w hereafter. The
coupling Hamiltonian between the left and middle TSCs
and between the middle and right TSCs is given by
HT(t) =i
wLM (t)
2
γL,2NγM,1 + i
wRM (t)
2
γR,2NγM,1, (2)
where wL(R)M is the coupling amplitude between two
Majorana sites located at the left (right) and the mid-
dle TSCs. The electron-chemical potentials of the left
and right TSCs are set to be zero (µL,i = µR,i = 0)
so that both TSCs are kept in topological phase. The
electron-chemical potentials of the middle TSC are pre-
pared so that µM,1 = µ(t) and µM,i>1  ∆M,i, namely,
the electron-chemical potential at site 1 can be individu-
ally tuned freely by a controlling gate [4], while all other
sites are kept in non-topological phase. As a result, ini-
tially four MZMs in the left and right TSCs at sites γL,1,
γL,2N , γR,1 and γR,2N , see Fig. 1(a), are formed the topo-
logical qubit space under consideration.
Consider the even-parity state space of the four MZMs
as the topological qubit with the basis |00〉 and |11〉 =
b†Lb
†
R|00〉. The system is prepared initially in one of
the degenerate ground states |11〉. The empty state
|00〉 is annihilated by the left and right TSCs zero-
energy bogoliubon operators bL and bR, which are de-
fined as bL = γL,1 + iγL,2N and bR = γR,1 + iγR,2N . In
𝛾𝐿,1 𝛾𝐿,2𝑁 𝛾𝑅,2𝑁 𝛾𝑅,1(2)
(1) (3)
0 20 40 60 80 100
0
1
2
3
4
55∆
3∆
∆
0.2 0.4 0.6 0.8
𝑡/𝑡𝑇
1.0
4∆
2∆
0
𝑡1
𝑡𝑇
𝑡2
𝑡𝑇
𝜇 𝑡
𝑤𝐿𝑀 𝑡 𝑤𝑅𝑀 𝑡
FIG. 1: (Colour online) (a) (Top) Three TSCs form a T-
junction with four MZMs at sites γL,1, γL,2N , γR,1 and γR,2N
respectively. Braiding operation is performed in three steps
(1), (2) and (3) by tuning the chemical potential µ(t) of the
middle TSC and the couplings wLM (t) and wRM (t) of the left
TSC and the right TSC with the middle TSC, respectively.
(b) (Bottom) Changes of parameters in a braiding process:
µM,1(t) (black), wLM (t) (orange) and wRM (t) (green).
other words, initially the MZMs at sites γL,1 (γR,1) and
γL,2N (γR,2N ) are paired to form a zero-energy bogoli-
ubon. The braiding is performed between the MZMs at
sites γL,2N and γR,2N , by tuning the chemical potential
µM,1(t) of the middle TSC and the couplings wLM (t)
and wRM (t) between the left TSC and the right TSC
with the middle TSC, respectively, see Fig. 1b. The de-
tailed dynamics of this braiding operation is manifested
in the correlation functions of different Majorana sites,
as shown in Fig. 2. As one can see in Fig. 2a, the corre-
lation functions i〈γL,1(t)γL,2N (t)〉 and i〈γR,1(t)γR,2N (t)〉
gradually decrease to zero while i〈γL,1(t)γR,2N (t)〉 and
i〈γL,2N (t)γR,1(t)〉 increase to unity. In the end of braid-
ing operation, it realizes the exchange of γL,2N ↔ γR,2N ,
see an intuiative derivation in the Supplemental Materi-
als [23]. This exchange of correlations between the Majo-
rana sites at the left and right TSCs shows that the two
zero-energy bogoliubons bL and bR become correlated to
each other due to the braiding operation.
The correlation between two zero-energy bogoliubons
directly generates the Majorana qubit coherence, as
can be observed from the qubit density matrix element
ρ11,00 = 〈bL(t)bR(t)〉, where the qubit is initially in the
state |11〉, and after the braiding operation, it becomes
(|00〉 + |11〉)/√2, a qubit superposition state, as shown
in in Fig. 2b. On the other hand, during the braiding
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FIG. 2: (Colour online) (a) (Top left) Time evolution of correlation functions with total operation time wtT = 100. (b)
(Bottom left) Time evolution of density matrix elements with total operation time wtT = 100. (Inserted) Excitation number of
zero-energy bogoliubons TN (t). (c) (Top right) Time evolution of correlation functions with total operation time wtT = 50. (d)
(Bottom right) Time evolution of density matrix elements with total operation time wtT = 50. (Inserted) Excitation number
of zero-energy bogoliubons TN (t).
operation, the closure of the even-parity qubit space is
temporarily broken, as indicated by the non-vanishing
values of density matrix elements ρ01,01(t) and ρ10,10(t).
This is because one of the MZMs must be moved to the
middle TSC in order to complete the braiding operation.
At the end both ρ01,01 and ρ10,10 vanish, indicating that
the left and right TSCs system are maintained in the
even-parity state space. Also ρ00,00 = ρ11,11 = ρ11,00
indicating a perfect realization of Majorana qubit coher-
ence.
The results of Fig. 2a, b are obtained by slowly tun-
ing the parameter µ(t), wLM (t) and wRM (t), as shown in
Fig. 1b with tT = 100/w. To examine the non-adiabatic
effects of the braiding operation, the same braiding pro-
cedure is repeated with a shorter operation time (take
here, for example, tT = 50/w in Fig. 1b). Firstly, notice
the non-adiabatic characting function TN (t) (defined in
the Supplementary materials [23]) which describes the
number of zero-energy bogoliubon being excited to the
non-zero energy bogoliubon state due to non-adiabatic
effect (see the inserted panel in Fig. 2c). Secondly, one
can see from Fig. 2c that the exchange of MZMs between
Majorana sites γL,2N and γR,2N cannot be completed be-
cause the controlling parameters are changed too fast (see
Fig. 2c). As a result, the left and right bogoliubons are
only partially correlated and the qubit coherence is not
fully generated (see Fig. 2d). The fermion parity con-
servation is also broken, as shown by the non-vanished
values of the old-parity matrix elements ρ10,10 and ρ01,01
in the steady-state limit shown in Fig. 2d, due to the
non-adiabatic excitations.
Decoherence Dynamics Due to Charge Fluctuations. In
order to control the electron-chemical potential, a con-
trolling gate is applied and we shall consider how charge
fluctuations of the controlling gate affect the braiding
operation. The total Hamiltonian incorporating charge
fluctuations is given by [15]
H =
∑
α=L,M,R
HαTSC(t) +HT(t) +HG +HC , (3)
where HG is the Hamiltonian of the controlling gate,
which is modeled by a non-interacting electron gas, HG =∑
p pc
†
pcp, where c
†
p (cp) is the creation (annihilation) op-
erator of an electron in the gate with energy p, and HC
is the coupling Hamiltonian between the TSC and the
gate,
HC =
∑
α=L,M,R
ηαδQα
∑
i
Fα,ic
†
α,icα,i, (4)
in which c†α,i (cα,i) is the creation (annihilation) operator
of an electron at site i of the TSC α [see Eq. (1)], ηα is
4the coupling parameter, δQα is the charge fluctuation of
the gate and Fα,n is a profile function which limits the
range of the chain α affected by the gate, and one can
set Fα,n equals to unity if site n is near the TSC junction
and zero otherwise. For simplicity, we assume that all
the controlling gates are identical so that we can omit
the subscript α hereafter. The spectral density function
of the charge fluctuation of the gate is given by
JC(ω) = BC exp (− ω
2
8EFωc
)
ω
1− e−ω/kT , (5)
where EF is the fermi energy of the controlling gate, kT
is the temperature of the gate, ωc is a cut-off frequency
of charge fluctuations, and BC is a factor determined by
the structure of the gate [15].
We extend our previous work of the exact master equa-
tion for Majorana zero modes [16] to the topological qubit
density matrix ρ(t), which is given by
d
dt
ρ(t) =ΓL(t, t0)[γL,2Nρ(t)γL,2N − ρ(t)]
+ ΓR(t, t0)[γR,2Nρ(t)γR,2N − ρ(t)]
+ Θ(t, t0)[γL,2Nρ(t)γR,2N + γR,2Nρ(t)γL,2N ]
+ Λ(t, t0)[γL,2NγR,2Nρ(t) + ρ(t)γR,2NγL,2N ]
+ Λ˜(t, t0)[γL,2NγR,2Nρ(t)− ρ(t)γR,2NγL,2N ].
(6)
The time-dependent coefficients ΓL(R)(t, t0), Θ(t, t0),
Λ(t, t0) and Λ˜(t, t0) are given in the Supplementary ma-
terials.
We perform the same braiding procedure as in the
previous section under the charge fluctuations of the
gates. Fig. 3 shows the decoherence dynamics of the
TSC-system density matrix elements at various coupling
regimes for both the zero temperature and finite temper-
ature (kT = 0.5w). First of all, MZMs at sites γL,2N and
γR,2N are subjected to the charge fluctuation, leading to
the dissipation of the corresponding bogoliubon correla-
tions. As we have mentioned above, the qubit coherence
is generated through the formation of bogoliubon corre-
lations between the two TSCs so that the dissipation of
MZMs will lead to the destruction of qubit coherence, as
illustrated by ρ11,00(t) in Fig. 3. At zero temperature,
the MZMs are partially protected by the localized bound
states due to the particle-hole symmetry [16], part of the
bogoliubon correlations can still be formed in the braid-
ing operation so that the qubit coherence is partially gen-
erated and preserved (see Fig. 3a, c, e). In contrast, at
finite temperature, the localized bound states do not ex-
ist and the fluctuation-affected MZMs eventually decay
to zero [16]. In particular, in the weak coupling regime
(pi2BCη
2 < 0.5), the MZMs decay comparatively slower
so that the bogoliubon correlations can still be formed in
the braiding process, thus the qubit coherence can be par-
tially generated before it decays to zero (see Fig. 3b, d).
However, in the strong coupling regime (pi2BCη
2 = 1), the
MZMs decay so quickly that the bogoliubon correlations
cannot be formed during the braiding process. There-
fore, qubit coherence cannot be generated at all in the
strong coupling regime (see Fig. 3f).
Secondly, the fermion parity conservation and thus the
closure of the qubit state space are also broken by charge
fluctuations. The qubit density matrix elements ρ01,01(t)
and ρ10,10(t) describe the bogoliubon occupation number
in the odd-parity state space, their non-vanishing val-
ues indicate the breakdown of the parity-conserved qubit
space. At zero temperature, the localized bound states
suppress the breakdown of the fermion parity conserva-
tion (see Fig. 3a, c, e). While at finite temperature, two
bogoliubons (four MZMs) eventually evolve into a totally
mixed state (see Fig. 3b, d, f).
In conclusion, we have studied the decoherence dy-
namics of a Majorana qubit under braiding operation
in a T-juction-TSC system with the exact master equa-
tion. During the braiding process, two MZMs in the
right and left sides of two TSCs exchange so that two
zero-energy bogoliubons become correlated to each other.
The Majorana qubit coherence is generated through this
correlation formation between two bogoliubons in differ-
ent TSCs. We show that non-adiabatic decoherence will
damage the qubit coherence because of the incomplete
formation of bogoliubon correlation. It also breaks the
fermion parity conservation because of the non-adiabatic
excitations. When charge fluctuations induced from the
controlling gate are taken into account, the fluctuation-
affected MZMs in both TSCs will dissipate. As a result,
in the weak coupling regime, the qubit coherence is only
partially generated in the beginning of the braiding op-
eration, and then the coherence decays away eventually.
While in the strong coupling regime, the qubit coherence
cannot be generated at all. Also we show that at finite
temperature, the four MZMs eventually become a totally
mixed state so that the information encoded in the Ma-
jorana qubit is completely lost in topological quantum
computations. These results show that the advantages of
Majorana qubits from the non-locality and the fermion
parity conservation are destroyed by local perturbations.
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FIG. 3: (Colour online) Time evolution of density matrix elements with (a) (top left) pi
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2 = 0.1, kT = 0, (b) (bottom left)
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right) pi
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2 = 1, kT = 0.5w, with initial qubit state |11〉.
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